Abstract. The number of conjugacy classes of symmetries in the integral orthogonal group of an indefinite Z-lattice is determined. The results are applied to the extended Bianchi groups.
Introduction
Let V be a regular quadratic space, of finite dimension n ≥ 4, over the rational field Q with quadratic form Q : V → Q and associated bilinear form 2f (x, y) =
Q(x + y) − Q(x) − Q(y). Let L be a Z-lattice on V , let O(L) be the orthogonal group of L, and let O (L) be its spinor kernel. Then both O(L) and O (L) act on the symmetries Ψ(x) : y → y − 2f(x, y)Q(x)
−
in O(L) by conjugation, with φΨ(x)φ −1 = Ψ(φ(x)). We study the number of conjugacy classes under both actions, and then apply the results to the extended Bianchi groups and Hilbert modular groups.
The lattice L represents c ∈ Z if there exists an x ∈ L with Q(x) = c. The representation is primitive if Zx is a direct summand of L. Since the symmetry Ψ(x) is to be integral, only primitive representations that satisfy the extra condition 2f (x, L) ⊆ cZ will be considered. Let N (L, c) be the number of these primitive representations of c modulo the action of O (L) . Then N (L, c) also counts the number of conjugacy classes of symmetries Ψ(x) with x primitive and Q(x) = c. Let N (L, c) be the number of these primitive representations of c modulo the action of O (L), and let N (L p , c) be the corresponding number of primitive representations by the local lattice L p over the p-adic integers Z p . Using Kneser's Strong Approximation Theorem to set up a bijection between the global and corresponding set of local orbits, as in the proof of Theorem 2.3 in [5] , or Theorem 4.1 in [6] , gives the following product formula.
The number of conjugacy classes of symmetries under the action of O (L) is then determined from the action of −I on the O (L)-orbits. The value N (L, c) can be studied via the action of the quotient group O(L)/O (L) on the O (L)-orbits. These methods will be used to study the conjugacy classes of symmetries in O(L) in a special case corresponding to the Bianchi groups and Hilbert modular groups P SL (2, O d ). Related methods were used in [6] to classify the maximal nonelementary Fuchsian subgroups of the Bianchi groups up to conjugacy. In [11] , Vulakh studied the conjugacy classes of reflections in the extended Bianchi group RB d . Via the identification of RB d with a suitable group O(L) (see [2, §11] or [10] ), this is essentially the same as studying the conjugacy classes of symmetries for this O(L). Theorem 3.5 is a generalization of one of Vulakh's results. Theorem 3.6 gives an analogue for the conjugacy classes in RB d under the action of the Bianchi group. A Hilbert modular group analogue is simultaneously established. See also [2, §11] for an earlier special case obtained using Siegel's analytic theory of indefinite forms.
The next section contains some general results evaluating N (L p , c). They can easily be modified to give a function field analogue where Z is replaced by the polynomial ring F[X] (with 2 = 0).
Local spinor orbits
Local isometry invariants on x ∈ L p under the action of O(L p ) are given in [7] and [9] . In general they are complicated; however, for odd p, the restriction
as a rank one orthogonal summand (see [8, §92:6] ). For each prime p let
be a Jordan splitting of L p (see [8, §91C] ), where each J i is a p ri -modular lattice, r 1 < · · · < r t , and n i = rank J i are invariants of L p . For odd p the discriminants 
Then Ψ(x)φ fixes x, and hence can be viewed as an isometry on the orthogonal complement of J i . Therefore, by [8, §92:4] , Ψ(x)φ is a product of an odd number of symmetries Ψ(y) with each Q(y)p −rj a unit for some j. Calculating spinor norms then gives a contradiction. A similar argument holds if all n j = 1 as in case 3. Any two representations are SO(L p )-equivalent (see [7] ), and it follows that N (L p , c) ≤ 2 if some n j ≥ 2, since the orthogonal complement of x then admits isometries with all spinor norms in u p Q * 2
In case 4, x and θ(x) are not spinor equivalent for θ ∈ SO(J i ) with spinor norm Q * 2
p . Now consider the case n i ≥ 3, or n i = 2 and n j ≥ 2 for some j = i. If x and y both represent c, by [7] there exists φ ∈ SO(L p ) with φ(x) = y. It is easy to adjust and get φ ∈ O (L p ) using the orthogonal complement of x. The remaining cases are similar. 
Otherwise L 2 is odd and has an orthogonal basis e 1 , . . . , e n . Then x = i a i e i ∈ L 2 is characteristic if all coefficients a i are units (see [5] , [9] ).
When L 2 is even, it is split by a hyperbolic plane Z 2 u + Z 2 v, and x is spinor equivalent to u + 2 −1 cv (see [5] or [9, §2] ). Now assume that L 2 is odd and Let
is isomorphic to the orthogonal group of the integral form dX 1 2 − X 2 2 + X 3 X 4 used in [2] . We now study the conjugacy classes of symmetries in O(L) and O(M). For the symmetry Ψ(x), with x primitive in L and Q(x) = 2c, to be integral we need f (x, L) ⊆ cZ, and hence
is obtained from the action
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where t is the number of distinct prime divisors of the discriminant of Q(
we may assume b is a unit and then x is spinor equivalent, via a suitable
−1 cv for c even, or to r + bu + (bd) −1 (c − 1)v for c odd. The map τ fixing r and s, and sending u to b −1 u, has spinor norm bQ * 2 2 . In both cases there exists σ ∈ SO(L) fixing x with spinor norm bQ * 2 2 (use Theorem 3.14 in [1] on the orthogonal complement of x when c is odd). Then τσ ∈ O (L 2 ), so we may assume b = 1. Thus, up to spinor equivalence, there is only one representation
Then, by modifying the previous argument, get b = 2. When c is even, a suitable E(v, w) sends x to a uniquely determined ar + s + 2u + 2b v with a = 0 or 2. When c is odd, x can be sent to ±r + as + 2u + 2b v, with a = 0 or 1 unique for x. The two sign choices lie in different spinor orbits by Theorem 3.14(i) in [1] , since the orthogonal complement of x only allows isometries with spinor norm a unit.
Proof. The x ∈ K 2 are analogous to the characteristic x in the dyadic unimodular case. They determine an orbit that cannot be interchanged by O(L 2 ) with an orbit given by an x ∈ K 2 . The two characteristic orbits are interchanged by −I when c ≡ 1, 1 − d mod 8.
Then c|2, c|b 1 and c|b 2 . Hence there are no solutions when c ≡ 0 mod 4, and x is spinor equivalent to r + s + 2u + 2bv ∈ K 2 when c ≡ 2 mod 4. Now assume c is a unit. Then u + cd −1 v is a representation of 2c, and r + 2u + (2d) −1 (c − 1)v and s + 2u + (2d)
give spinor inequivalent representations when c ≡ 1 mod 4. These are distinct by [1] , and are the only ones by arguments similar to those in Theorem 3.1. Proof. The two orbits corresponding to the x ∈ K 2 are interchanged by This is essentially a refined version of Theorem 11 in [11] where only an upper bound is given for the total number of conjugacy classes of reflections in RB d . Explicit examples, similar to those given in Theorem 11.3 of [2] and Theorem 12 of [11] , can be constructed from the local information. That N (M, 2c) = 1 also follows from Theorems 2 and 4 in [4] . 
